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ABSTRACT
A METHOD FOR EXTRACTING OBJECT RELATED 
INFORMATION FROM IN-LINE HOLOGRAMS USING 
WIGNER DISTRIBUTION
Mehmet Tankiit Özgen
M. S. in Electrical and Electronics Engineering 
Supervisor: Assoc. Prof. Dr. Levent Oniiral 
January, 1990
In this thesis, a method based on Wigner distribution is developed to find the 
three-dimensional coordinates of particles directly from their in-line hologram 
without reconstruction. If a one-dimensional discrete hologram signed is 
subtracted from unity and the discrete-time Wigner distribution of the 
resulting signal is computed then a two-dimensional real sequence is obtained 
which can be displayed as an image carrying coordinate information about 
the objects encoded in the hologram. In order to analyze three-dimensional 
object distributions, the idea described above is adapted to the case of two- 
dimensional holograms in the following way. A two-dimensional hologrcim is 
digitized in an image processing system, then, one of its rows or columns is 
selected and a DC level shift is given to thcit row or column. The discrete-time 
Wigner distribution of the resulting one-dimensional signal is computed and 
displayed as a two-dimensional image. If this is done for a sufficient number 
of rows and columns of the hologram then a set of images is obtained which 
contaixas the total information about the coordinates of particles encoded in 
the hologram.
Keywords: In-line holograms, recohstruction, Wigner diotriixution,
discrete-time Wigner distribution.
m
ÖZET
WIGNER DAĞILIMININ KULLANILMASI YOLUYLA 
TEK-IŞINLI HOLOGRAMLARDAN CİSİM BİLGİSİNİN 
ÇIKARILMASI İÇİN BİR YÖNTEM
Mehmet Tankııt Özgen
Elektrik ve Elektronik Mühendisliği Bölümü Yüksek Lisans 
Tez Yöneticisi: Doç. Dr. Levent Onural 
Ocak, 1990
Bu çalışmada; alışılagelmiş çözümleme yöntemlerine başvurulmadan, Wigner 
dağılımının kullanılması yoluyla cisimlerin tek-ışınlı hologramlarından 
üç-boyutlu uzaydaki konumlarının elde edilmesine yönelik bir yöntem 
geliştirilmiştir. Tek-ışınlı holografiyi betimleyen bir sistem modelinden 
ve buna dayanan sayısal benzetim tekniğinden yararlanılarak, bir-boyutlu 
kesikli hologramlar elde edilmiştir. DC düzey kayması verilmiş böyle bir 
hologramın kesikli Wigner dağılımının, hologramda kodlanmış cisimlerin 
koordinatlarını gösteren iki-boyutlu bir görüntü olduğu anlaşılmıştır. Bu 
sonuç iki-boyutlu hologramlara şu şekilde uygulanabilir: İki-boyutlu bir 
hologramın örneklenmesiyle oluşturulan dizinin l)ir satırı ya da sütunu seçilir 
ve DC düzey kayması verilir. Elde edilen bir-boyutlu kesikli sinyalin Wigner 
dağılımı bulunarak iki-boyutlu bir görüntü oluşturulur. Bu işlem yeterli 
sayıda satır ve sütun için yapılırsa, hologramda kodlanmış cisimlere ait tüm 
konum bilgisini içeren bir görüntü grubu elde edilmiş olur.
Anahtar sözcükler: Tek-ışınlı hologramlar, çözümleme, Wigner dağılımı, 
kesikli Wigner dağılımı. ,,
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Chapter 1
Introduction
Holography is an imaging technique based on recording and reconstruction 
of wavefronts. Visible light waves are the mostly used ones. It is a two- 
step process; where the first step, called the hologram recording, involves 
hologram formation by storing the magnitude and the phase of a wavefront 
on a film or a similar material. The second step is the reconstruction where, 
as the name implies, the original wavefront is reproduced from the recording 
which is called the hologram.
The fundamental idea behind holography can be explained as follows. 
Suppose that, an optical wavefront coming from an object is recorded in 
such a way that it can be fully reproduced from the recording later on. 
The reproduced light can be used to obtain a three-dimensional image of 
the original object; hence, it is possible to see the same object in three- 
dimensional space even if it does not exist. This is due to the fact that we 
see the object by sensing the original light waves coming from -it and the 
reproduced light is a replica of the original light, in the ideal case. Therefore, 
the reproduced light can be used as if it is the original one for any optical 
purpose.
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A conventional method for holography is described below. A wave 
diffracted by an object, the hologram of which is intended to be formed, 
is interfered with a reference wave. The intensity of the resulting interference
1
pattern is recorded on a photographic plate. This recording, which is the 
hologram, carries information about both the magnitude and phase of the 
diffracted wave. If the hologram plate is illuminated with the same reference 
wave used to record the hologram then the diffracted wave is reconstructed 
together with some extra components and as the result, an image of the 
object in three-dimensional space can be deserved together with some image 
artifacts. To obtain an interference pattern, a monochromatic light beam 
should be used. Therefore, lasers are used as light sources in hologram 
formation and reconstruction processes.
The type of holography which will l)e considered in this thesis is 
the so called in-line holography where beam-splitting is not necessary for 
illumination. It simply consists of recording the light diffracted by the objects 
and performing the reconstruction by ilh.miina.ting the recording with the 
same source used to form the hologram. In-line holography is widely used 
in the area of particle-field analysis to analyze collections of small moving 
particles. Applications involve the detection and measurement of fog droplets 
in air, studies of mist, sprays, observation of dynamic aerosols and other 
problems in which dynamic volumes of small particles are of interest. An 
in-line hologram of the volume containing the particles of interest can be 
made; then, a stationary image of that volume can be reconstructed from 
the hologram to study the particles under investigation at leisure. If we try 
to examine the volume directly by using optical microscopes, we encounter 
focusing difficulties since small particles are distributed to a relativelj'  ^ large 
volume. In-line holography is a solution for focusing problems; the wavefront 
stored in the hologram can be reconstructed afterwards to be focused to 
observe individual particles one at a time, instead of trying to focus them all 
at once.
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Utilization of in-line holography in the study of volumes containing small, 
dynamic objects can be considered as the main motivation for this thesis
in which we concern with extracting the three-dimensional coordinates of
>1
particles directly from their in-line hologiTun without reconstruction. A 
method is developed for this purpose, based on using the Wigner distribution.
Extracting object related information from in-line holograms can be 
accomplished by utilizing optical reconstruction, as a conventional way. 
An image of the particles encoded in the hologram can be formed by 
the reconstructed wavefront. It is also possible to perform reconstruction 
computationally rather than optically. The field of digital holography involves 
computer generation and reconstruction of holograms which arc useful in 
computer-simulation studies of holographic processes (see [5] for descriptions 
of basic techniques used in this field). In the computer reconstruction of 
holograms, the hologram data are digitized (sampled in space and qucintized 
in amplitude) to obtain a two-dimensional array of numbers. Such an array 
is fed into a computer. The computer then does the necessary calculations 
to reconstruct the original particles. The reconstruction may be displayed 
on a screen as an image. An image processing system can be used in digital 
holography to digitize hologram data or input object distributions, to perform 
calculations at high speeds and to display resultant images. Mathematiccil 
models describing holographic processes have to be constructed, in oixler 
to perform those processes by computation. In-line holography has been 
formulated mathematically in [3]. This formulation has motivated continuous 
system models for in-line holography [1], [2]. In [1] those continuous s}'’stem 
models have been discretized to obtain discrete system models and digital 
simulation techniques, then the reconstruction phase of the in-line holography 
has been treated as a signal processing problem. The object distribution has 
been recovered from the digitized hologram by computation, using digital 
signal processing methods.
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As in the previous work described in the last paragrai:)h, the method 
proposed in this thesis is also used for extracting object related information 
from in-line holograms. However, it considers the detection of the coordinates 
of objects forming the object distribution; whereas, the others intend to 
recover the overall object distribution from holograms by reconstruction. The 
significance of our method is that; it finds the distance between a particle and 
the plane in which the hologram of that partjcle is recorded, directly from the 
hologram, while the previous works require automated focusing techniques 
or algorithmic procedures for updating a focusing parameter to find this
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distance, in order to achieve good focusing of the particle. Our method 
involves applying a signal transformation called Wigner distribution to the 
digitized holograms, without performing optical or digital reconstruction.
The main tool used in this study is the Wigner distribution which is a 
signal transformation particularly suited for the time-frequency analysis ef 
nonstationary signals. It is a useful tool when one is interested in having a 
mixed time-frequency representation of a signal. The concept of the Wigner 
distribution was introduced by E.P. Wigner for thermodynamic description 
in quantum mechanics. The concept was reintroduced by Ville for signal 
analysis. Recently, general definition and properties have been derived for 
signal processing [6]-[8]. The Wigner distribution possesses a number of 
attractive properties for signal analysis. They will be mentioned in Chapter 
2.
The Wigner distribution was originally defined for continuous-time signals 
as an infinite integral of the Fourier type; therefore, the exact evaluation of 
this disti’ibution function is generally impossible since it requires the signal 
to be known for all time. In practice windowing techniques are used to 
evaluate that Fourier-type integral. There are two appi'oaches to compute 
the Wigner distribution. The first one uses analog signal processing methods. 
The second approadr is based on digital signal processing and it requires the 
concept of the Wigner distribution to be transferred to the case of discrete­
time signals. This is not a straightforward problem and there are several 
definitions in literature for the Wigner distribution of discrete-time signals 
[11]. Among them, the one proposed in [7] will be used as the discrete-time 
Wigner distribution throughout this thesis; since it can be rewritten, for 
finite duration sequences, in terms of a discrete Fourier transform, for which 
FFT algorithms are available. The discrete-time Wigner distribution can be 
applied to digitized holograms in order to obtain necessary information about
particle locations, as suggested by our method.
1
The method presented in this thesis steins from a continuous system model 
for in-line hologram recording given in [1] and several basic properties of the
:;h a p t b r  1 .  in t r o d u c t io n
continuous-time Wigner distribution (Wigner distribution denned for analog 
signals). This work is based on a crude formulation involving computation of 
continuous-time Wigner distribution of one-dimensional hologram signals to 
obtain two-dimensional images exhibiting particle coordinate information. 
The computations implied by the formulation are directly performed for 
discrete signals by using discrete models and techniques, although they arc 
originally proposed for the continuous case. Discrete simulation techniques 
are used to generate in-line holograms and related discrete-time Wigner 
distribution calculations are done by means of digital signal processing. The 
method developed in the thesis originates from continuous-time arguments, 
but it is implemented digitally. Implementations are performed in an ima.ge 
¡processing system where the images resulting from them are also displayed.
The organization of the material is as follows. In Chapter 2, the 
background information which forms the basis for the overall work will be 
covered briefly. A continuous system model for in-line hologram recording 
process which has been proposed in [1] will be mentioned, together with 
the one-dimensional object distribution case, in this chapter. The discrete 
simulation technique implied by the system model will be described for one­
dimensional case, only. The original derivation of this simulation technique 
can also be found in [1]. Deflnitions, interpretations and basic properties of 
continuous-time and discrete-time Wigner distributions will also be included 
in Chapter 2. The formulation which is the core of the method proposed in the 
thesis will be presented in Chapter 3. This formulation is developed for one­
dimensional continuous hologram signals using analog Wigner distribution. 
It will be implemented digitally in Chapter 4. A low-pass filtering operation 
used to overcome the aliasing problem which is induced by the discrete­
time Wigner distribution will also be included in this chapter. The method 
developed in Chapter 3 and Chapter 4 will be adapted to the case of two- 
dimensional holograms to analyze two-dimensional and three-dimensional 
object distributions, in Chapter 5. Pictures^showing implementation results 
will be given in Chapter 4 and Chapter 5, to illustrate the method used in 
this work.
Chapter 2
Preliminaries
This chapter is devoted to background material on which the overall work 
given in this thesis depends. Section 2.1 involves a brief description of in­
line holography, a continuous system model for in-line hologram recording 
process and its extension to the one-dimensional object distribution ca.se, 
together with the rehited discrete model for one-dimensional holograms. Most 
of the material given in this section have been originally proposed in [1] and 
[2]. Definitions, interpretations and basic properties of continuous-time and 
discrete-time Wigner distributions will be mentioned in Section 2.2. A more 
comiDlete discussion of this subject can be found in [6], [7] and [8].
2.1 Modelling and Simulation of In-Line Hologram 
Recording Process
2.1.1 Basics of In-Line Holography
In-line holography is based on considering the diffracted field associated with 
particles in a three-dimensional volume and recording the intensity of tlnit 
diffracted field as a hologram, by using a background beam of monochromatic 
light. The hologram can then be used to produce an image of the original 
three-dimensional volume containing the particles of interest. The diffracting
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virtual image 
plane
hologram real image 
plan^
(a) (b)
Figure 2.1. (a) The hologram forming geometry, (b) The reconstruction
geometry.
particles considei'ed may be opcvque, semi-transparent or totally transparent 
objects situated in a transj^arent area and they form a transparency which 
modulates the background illuminating beam. The amplitude transmittance 
of this transparency, concerning the particle cross-sectional geometry and 
position, can also be called as object function or object distribution. In-line 
holography provides an image forming method that ¡Droduces a stationary 
image of a dynamic three-dimensional object distribution.
The hologram forming geometry is shown in Figure 2.1a for the two- 
dimensional object distribution case. A collimated beam of light impinges on 
object plane Pi. Particles forming a two-dimensional object distribution in 
this plane diffract the illuminating beam and the diffracted field is recorded 
in the so called hologram plane, P2, which is away from Pi by a distance 
2. The diffracted field can be thought of as consisting of two parts, a field 
diffracted by the particles and an undiffracted collimated beam which can 
be considered as an in-line reference wave. The interference pattern between 
these two fields is recorded on a photographic plate, as the hologram.
The image of the original distribution of particles is formed conventionally
<1
by illuminating the holographic record (hologram) v^ ith a beam similar to xhe 
original illuminating beam used to record the hologi'cim. The modulation of
the beam by the holographic record produces difFracted waves, a component of 
which forms a real image of the original particles. A second component of the 
difFracted waves is identical to the wavefronts incident on the hologram plane 
P2 when the hologram was recorded. This component produces a virtual 
image of the particles at a distance z on the source side of the hologram. 
These two reconstructed images are positioned with respect to the hologram 
plane as given in Figure 2.1b. The existence of the virtual image which may 
also be called as the twin-image is due to the fact that, only the magnitude 
of the complex amplitude of the light wave incident on the hologram plane is 
recorded as the hologram; the phase portion is lost. Because of this loss in the 
information content of the wave, real image always has the twin-image as a 
background noise when conventional reconstruction is used. The twin-image 
can be eliminated by using computational reconstruction methods [1], [2].
The reconstruction phase of the in-line holography has been mentioned 
briefly in the last paragraph. It will not be considered in detail since the 
method proposed in this thesis does not perform reconstruction, instead, 
uses the Wigner distribution for extracting particle coordinate information 
from in-line holograms.
2.1.2 A  Continuous System Model for In-Line 
Hologram Recording Process
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Two continuous system models for in-line hologram recording process have 
been originally presented in [1]. One of them, with its extension to the one­
dimensional object distribution case, will be given below.
Consider the hologram forming geometry given in Figure 2.1a. The 
two-dimensional object distribution in the object plane is described by the 
object function a(x, y). This phine is illuminated by a plane wave with 
amplitude B  and wavelength A. The field just after the object plane is given 
by B[\ — a(x,y)]. Huygens-Fresnel principle is used to determine the field 
distribution, a-t the hologram plane a distance 2 away. This field
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can be found as,
y) =
B
jXz
X exp O
/  97T \ roo rco
exp ( j - j - z j  [1 -  a(Q', /?)]
7T
Az (a; — o f  +  {y -  p y  i dcY d.p
The a-bove equation can be written as:
, 2tt
i>z(x,y) = Bexp ( j  —  ^ ) {[1 -  *h;,{x,y)} ,
(2.1)
(2.2)
where ** denotes two-dirnensioncil linear convolution and is defined
by,
hz{x, y) =  exp fi^(.'c^ +  i / ) l  . (2.3)jXz l AZ i
The amplitude B is assumed to be 1 and since the magnitude of tpz{x,y) 
will be considered in the hologram formation, the phase term exp is
dropped from equation (2.2), leaving
^z(x, y) =  [1 -  a{x, y)] * *h,{x, xj). (2.4)
Since the field at the recording plane is represented as a two-dimensional 
convolution, it can be accepted as the output of a two-dimensional linear 
system. The impulse response of the system is hz{x,y). The intensity of 
'0^ (3^ , y) is recorded as the in-line hologram, B ( x ,y ) ,
I,{x,xj) =  \xl>z(x,y)f . (2.5)
Thus, the continuous system model for hologram recording is as shown in 
Figure 2.2.
Using the fact that 1 * *hz{x, y) =  1,
'^z{x·, y) =  [1 -  α(·г·, y)] * *h^{x, xj)
= 1 -  a{x, xj) * */r (^.T, xj) (2.6)
Therefore, the hologram I^{x,xj) can be expressed as:
Iz{x, y) =  |1 -  a(.-c, xj) * *K{x,  y)\^
= 1 -  a(.T;, xj) * *h^{x, xj) -  a*(a:, y) * xj)
•f |a(x,y) * */z^(.'T,y)|  ^ (2.7)
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Figure 2.2. A continuous system model for hologram recording.
The fourth term is negligible for most of the cases, because, the 
convolution with the kernel hz{x,y) disperses the energy of a space limited 
object function a{x,^j) to a wider region in (x,y)  plane, dropping the energy 
value much below 1 [1].
The above formulation considering the two-dimensional object distribu­
tion case may be written in the one-dimensional case, as follows. The field 
distribution at the recording plane, corresponding to cin object function a(.T), 
is given by.
/ 27T \ 1 { \ '^
^,{x)  =  B e x p  [ j ^ ^ J  J_^ [1 -  «(û')] ~> { i
■7T
.Az
(.X- -  .
tt’ 
“  4.
1 da.
(2.8)
can be concisel}'' repi'eseiited
(2.9)
by a one-dimensional linear convolutional form
V>г(·г■) =  [1 -  a(a;)] * h,Xx),
where  ^ is the distance between object distribution and hologram recording 
plane and hz{x) is defined by.
=  —F= exp 
yXz
7T , 7T 
X -  -\z 4/J
(2 .10)
The hologram Iz{x) is the intensity of the field at the recording plane:
/,(x )  =  (2.11)
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1 — a(x)
hz( x^^
I^Jz(x)
1 |2l-l
Figure 2.3. One-dimensional system model for hologram recording.
The continuous system model describing hologram recording process for 
one-dimensional signals is given in Figure 2.3.
Using the fact that 1 * h^ ,{x) — 1,
=  [1 -  a(a-’)] * hz{x)
=  1 -  a{x) * hz(x). (2 .12)
Therefore,
Iz{x) =  |1 -  a{x) * hz{x)\'^
= 1 — a(x) * hz{x) — a*(x) * hl{x) +  |a(o;) * hz(x)f . (2.13)
As in the two-dimensional case, the fourth term is negligible for most practical 
applications.
2.1.3 Discrete Model for One-Dimensional Holograms
A discrete model for in-line holography has been built in [1], based on 
the continuous model shown in Figure 2.2. Such a transition, from the 
continuous case to the discrete case, opens the way to use digital simulation 
techniques for performing holographic processes. The discrete model, 
originally derived for two-dimensional hologtams in [1], can be easily adapted 
to the one-dimensional object distribution case. We will only treat the one­
dimensional case in this section without giving the underlying ideas. A
complete discussion on the subject, with the details of the derivation, can 
be found in [1]. Digital simulations of one-dimensional holograms have been 
accomplished, in Chapter 4, according to the discrete model presented below.
The formulation given by equations (2.9) through (2.13) can be discretized 
by replacing the continuous variable with a discrete one and using the circular 
convolution in place of the linear convolution. The main question is to 
detei’mine the sampling period X  in coordinate .r, and the number of samples 
denoted by N.
Consider the continuous model given in Figure 2.3. A discrete system 
function hzoin) should be determined corresponding to the continuous system 
function hz{x). It can be shown that.
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hzoin) =  K  exp . / '7T o o 7T (2.14)
where K  is a gain factor, X  is the sampling ¡period and the discrete variable 
n G [0, — 1]. If the object function a(x) is discretized to yield.
aoin) =  a(Xn),
then the discrete field can be written as,
4>zD{n) =  [1 -  aoin)] *
(2.15)
(2.16)
where * denotes discrete linear convolution.
To characterize the overall hologram system by a single parameter, a new 
variable a is introduced, such that.
N  Xz
Therefore, equation (2.14) becomes;
hzD{i )^ =  K  exp , 2 ^ 2 " 4
(2.17)
(2.18)
In order to increase computational efficiency, circular convolution can 
be used instead of linear convolution. In this case, the size of circular
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Izoi'n]
H,D{h)
Figure 2.4. One-dimensional discrete system model for hologram recording.
convolution, which is equal to N, should be taken as a power of 2 to permit 
use of efficient fast Fourier transform algorithms.
By replacing the discrete Fourier transform of h^Din) with the function 
Hzoik) which is given by
i e x p ( - i ^ ^ P )  0<A.  < iV /2
HzD{k) =  I exp -  k f )  iV/2 +  1 < A: < iV -  1 (2.19)
[ 0 else
where is a discrete variable, the discrete system model for hologram 
recording is obtained, as shown in Figure 2.4.
2.2 The Wigner Distribution
2.2.1 The Continuous-Time Wigner Distribution
In many cases, a joint time-frequency characterization of a signal is required, 
especially if the signal under investigation is nonstationary, which means 
that the signal has a time-varying instantaneous frequency. The Wigner 
distribution is a signal transformation which is a convenient tool for such 
a time-frequency analysis. In this subsection, we deal with the Wigner 
distribution of continuous-time signals. We consider in general complex 
valued, continuous-time functions defined for all time; f { t )  £ t
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The cross-Wigner distribution of two signeJs f ( t )  and g(t) is define
W:
/ 00
f { t  +  r/2)g*{t -  r /2 ) exp ( - jwT)  dr,
-00
(2.20)
where t is the time variable and w is the frequency variable. The asterisk 
denotes complex conjugation. The auto-Wigner distribution of the signal 
f ( t )  is then given by
/ 00 f ( t  -f- T/2)f*(t -  r /2 ) exp (- ito r )  dr. (2.21)
-CO
The above definitions are given for time functions. Similar expressions also 
exist for the Fourier transforms of the signals. There is a symmetry between 
the time and frequency domain definitions [6].
Several properties of the Wigner distribution (WD) are summarized 
below.
• The auto-Wigner distribution of any (real or complex) function is real:
Wf( t ,w)^WJ(t ,w) .  (2.22)
• If the signal f ( t )  is shifted in time by to,
g(t) =  f { t - t o ) ,  (2.23)
the corresponding WD should also be shifted in time by to'·
W,(t ,w) =  W f { t - t o ,w ) .  (2.24)
• The WD of the sum of two signals is not simply the sum of the W D’s 
of the signals:
w) = W/(i, w) + W,(t, to) + 2Re {W,,,(t,xo)} . (2.25)
• The integral of the WD over the frequency variable at a certain time t 
yields the instantaneous signal power iit that time:
1 /•~I ‘0°
^ > ")* “ =  l/W I ■ (2.26)
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Similarly, integration over the time variable at a certa,in frequency lo 
yields the spectral energy density of the signal at that frequency;
/ OD
Wf{t,w)dt =  |-P(w)p,
■oo
(2.27)
where F(w)  is the Fourier transform of f( t) .  Because of the relations 
given by the equations (2.26) and (2.27), Wf(t,w)  can be interi^reted 
as a time-freciuency distribution of the energy of f ( t )  [8].
If f ( t )  is a time-limited signal which is nonzero only in a finite time 
interval, such that.
f { t )  = 0 for t < ta or t > th, 
then its WD is restricted to the same time interval;
Wf(t, w) =  0 for t < ta or t > if,, Vw. 
Similarly, if f(t)  is band-limited, i.e.
then.
F(w) =  0 for W < lUa or W > Wb,
Wf(t,w)  =  0 for W < Wa or W > tOb, Vi. •
(2.28)
(2.29)
(2.30)
(2.31)
• The WD of a function exhibits the track of instantaneous frequency 
curve of the fuction in the time-frequency plane. This property, which 
is especially important for the work given in this thesis, is illustrated 
by the following example.
Let f ( t )  =  e xp ( jaF/2), which is a chirp signal whose instantaneous 
frequency increases linearly with time. It can be shown that.
Wj(t, w) = 2tv6 (w — at ) . (2.32)
Thus, for a chirp the WD is a line impulse concentrated at any instant 
around the instantaneous frequency.
e If the signal f ( t )  is passed through a. linear, time-invariant filtei with
impulse response h(t), then the output of the filter is given by the 
convolution integral
/ 00 f(T)h{t -  t) dr. (2.33)
-00
Wg{t^w) can be determined as,
/ 00 Wf(r, w)Wh{t — r, w) dr. (2.34)
-00
Therefore, Wg is the convolution of Wj  cind Wh in the time variable.
• If the signal /  is band-limited to Wc, its WD vanishes outside of the 
interval |ia| < Wc- Inside this frequency band, the time samples of 
Wf{t ,w)  can be determined by the following summation;
00
Wf{nT,w) =  2T ^  ex p i - j 2 i o k T) f i { n  +  k ) T ) r ( ( n - k ) T ) ,
k=—oo
(2.35)
if the sampling period T is chosen as, T <
Ecpiation (2.35) forms the basis for the definition of a WD for discrete­
time signals.
2.2.2 The Discrete-Time Wigner Distribution
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In order to compute the WD by means of digital signal processing, it must 
be adapted to the case of discrete-time signals. This is not a straightforward 
problem and there are several ways to define a discrete-time version of the 
WD [11]. We will consider the definition suggested by equation (2.35).
The cross-Wigner distribution of two discrete-time signals f (n)  and g(n) 
is defined by
CO
W/.^(n, 9) =  2 exp { - j2kS) f {n  -fi k)g*{n -  k), (2.36)
k=—oo
CHAPTER 2, PPELIMINARIES
where k and n are discrete Vciriables and 9 is the continuous vaiiaul·.-. Tla-i 
auto-Wigner distribution of the signal f (n)  is given by
oo
Wj(n,e)  =  2 e x p { - j 2 k e ) f { n  +  k ) r { n - k ) .  (2.37)
k= — oo
The discrete-time Wigner distribution (DTWD) defined above shares 
most of the properties of the continuous one, but in some respects it has 
characteristic differences. Several properties of the DTWD are summarized 
as follows.
• The DTWD is a function of the time variable n and the frequency 
variable 9. With I'espect to 9 the function is periodic with period tt;
Wf(n, 9) — Wf(n, 9 -f 7t), V?r, 9. (2.38)
• Wf(n,9)  is real for any signal /(n ).
• If the signal f {n)  is shifted in time by no;
g(n) =  f (n  -  no),
the corresponding DTWD should also be shifted in time by no:
W,(n, 9) =  Wj{n -  no, 9).
(2.39)
(P 4flf
The following sum formula hols:
w ,+ ,(n ,e) =  w ,(n ,e )  +  w ,(n ,6 ) +  2R < - . {w , j n , e ) ) . (2.41)
If /(n )  is a finite duration signal, i.e.
f (n)  = 0 , 71 < 7la or U > 71b, (2.42)
then
Wf{71,9) =  0 , 71 < 71a Ol’ ^ > 71b· ( 2 .4 3 )
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• The DTWD is periodic with respect to the frequency variable with 
a period tt, whereas the Fourier spectrum of a discrete-time signal is 
periodic with period 27t. Therefore, frequency components that are 
7T apart have the same influence on the DTWD, i.e. aliasing occurs. 
However, if the signal spectrum is nonzero only in an interval of length 
less than tt, then aliasing will not occur. If f{ii) is a band-limited signal 
whose Fourier spectrum satisfies.
F{0) = 0, 9a < d < 9b, (2.44)
where
then
9a > 7T,
Wf(n, 9) = 0, 9a < 9 < 9b — TT.
(2.45)
(2.46)
• The frequency samples of the DTWD of a finite duration signal, taken 
in the interval ( —7t/2, 7t/ 2), can be determined from the signal by means 
of a discrete Fourier transform, for which FFT algorithms are available. 
This approach will be considered in Chapter 4, in a detailed wa.y.
Chapter 3
Formulation of the Method
In this chapter, we will present a crude formulation which forms the basis 
for the method developed in this thesis. The formulation involves computing 
analog Wigner distribution of one-dimensional continuous hologrtmi signals 
in order to extract particle coordinate information from them. It will 
be described in detail, in Section 3.1. If the object distribution under 
investigation contains more than one particles, the corresponding hologram 
can be considered as a “multicomponent signed” ; hence, its Wigner 
distribution exhibits interfering cross terms. We deal with such undesired 
terms in Section 3.2.
3.1 The Formulation for One-Dimensional Continuous 
Holograms
For one-dimensional case, the relation between the hologram and the object 
distribution is given by equation (2.13). Since the cross term is negligible for 
most practical applications, this equation can be rewritten as:
Iz(x) =  1 — a(a’) * — a*{x) * h*{x).
If the object distribution a(a-) is a real function, then
Iz{x) =  1 — a{x) * 2Re{/г^(.'г;)}
19
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=  1 -  a{x) * g{x) i'ri 1 ^V . X /
where g(x) is defined by
g(x) =  2Re{/x^(.r)} 
2 /  7T
X\ /X cos
2^ ^~ 7/\<i 4 (3.2)
Thus, the hologram Iz{x) can be considered as the DC shifted output of a 
linear shift-invariant sj'^ stem, whose impulse response is g(x).
The Wigner distribution (WD) of a function displays the instantaneous 
frequency curve of the function in the time-frequency plane, together with 
some undesired artifacts. This fact has been illustrated for a chirp signal 
in Subsection 2.2.1, by the equation (2.32). The kernel g(x) is also a chirp 
signal whose instantaneous frequency is a linear function of the space variable 
x] therefore, the analog Wigner distribution of g{x)  can be used as a clear 
space-frequency characterization of this signal. By expanding g(x) in complex 
exponentials and using the sum formula given by the equation (2.25), the WD 
of g(x) is found to be;
Wg(x, w) =
2tv f  2tt 27T /  2?!
+ 1;  ‘ r + à; · "
2yj2 (2n 2 ^ ^ 2  2t'H---- 7=  cos — X — — W ----722t 4 (3.3)
where x is the space variable and w denotes spatial frequency. The first and 
second terms are line impulses, in the space-frequencj'  ^ plane, concentrated 
along the lines w = ^ x  and lu =  ~ ^ x ,  respectively. The third one is the 
cross term due to the cross-WD of complex exponenticils exp j  ~ f )
and exp —j  ~ f )  · small compared to the first and second ones;
therefore, we can neglect this term to obtain a clear space-frequency pattern 
of g{x)· The resulting pattern is concentrated along the lines lo = ~ x  and 
w =  — ill the (x,io) plane, as shown in Figure 3.1.
As the next step, we consider forming a n;;iathematical model of the oliject 
distribution. An object distribution containing opaque, semi-transparent or 
totally transparent particles situated in a transparent area can be described.
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W
Figure 3.1. Space-frequency pattern of the kernel g(x) exhibited by lu)
(the undesired cross term is ignored).
mathematically, by an object function so that completely opaque regions 
are represented by 1 and completely transparent regions are represented 
by 0. The objects considered in this thesis are totally opaque particles 
on transparent background; therefore they are described by binary ol^ject 
functions. For the one-dimensional object distribution case, totally opaque 
jDarticles are represented by pulses in the corresponding object function. 
However, in the following formulation, instead of pulses, we will use 
impulses to represent such particles so that it will be possible to obtain an 
analytical expression for the analog WD of the associated hologram. This 
approximation may be a rough one, but the resulting analytical expression 
gives a good description of the actual result, as we will see in Chapter 4.
Let’s consider a one-dimensional object distribution a(x) involving a single 
particle located at .tq in the object plane. (We assume that the object 
distribution shows no variation in y-direction, hence it is a function of the x 
coordinate, only.) a{x) can be approximated by.
a(x) =  6(x — X q ) . 
Then, the analog WD of a(x) can be found cis
Wa{x, w) =  2S(x -  Xo),
(3.4)
(3.5)
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which means that the WD of 6(x — xq) occurs exactly at xo ci-lid iS COilStcUit 
with respect to frequency.
The hologram Iz{x) of this object distribution, recorded in a plane a 
distance z awaj^ , is given by equation (3.1). Let’s define a new signal J(.r), 
such that,
J{x) =  l - I z ( x )
(3.6)
where g(x) is defined by equation (3.2). By ai^plying the convolution property 
of the analog WD, described by equations (2.33) and (2.34), to the equation 
(3.6), the WD of J{x) can be written as.
/ OO Wa(o!, lo) Wg{x — n, w) da.
■OO
Substituting equation (3.5) into equation (3.7);
(3.7)
Wj(x,w) = 2 Wg(x -  xo,w) 
47T 
\z
6 [w -  ^ ( x  -  a-’o ))  +  i(ra  +  ^ ( æ  -  ;co)
4V54----7=  cos -  xo)  ^ -  ^A2; 2tt 4
(3.8)
Thus, the space-frequency pattern exhibited by Wj{x., w) is the shifted copy of 
the one exhibited by W5(.T,ra), where the amount of shift gives the location 
of the particle in the object plane. Since the cross term is negligible, this 
pattern is concentrated along the lines w — ^ ( x  — ri'o) and lu =  —^ { x  — a’o) 
in the (.T, w) plane, as shown in Figure 3.2.
By examining Figure 3.2 more carefully, we realize that the pattern 
represented by the WD of 1 — Iz(x) exhibits the total information alxiut 
the exact location of the particle encoded in the hologram Iz(x)) with respect 
to the hologram plane. The particle is represented by a pair of line impulses, 
in the space-frequency domain, concentrated along two lines intersecting on 
x-axis. The x coordinate of the intersection point is also the coordiiicite of the 
particle in the object plane. The slopes of lines are ^  and — yf, respectively, 
therefore; if the wavelength A is known, it is possible to calculate the distance
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Figure 3.2. Space-frequency pattern exhibited by Wj{x,w)  (the cross term 
is ignored).
¿r between the particle and the hologrcim plane from these slopes. This 
determines the exact position of the particle with respect to the hologram 
plane.
In conclusion; if the WD of a DC shifted hologram is displayed in the 
(x, w) plane, it exhibits the coordinate information about the particle encoded 
in the hologram. The particle is characterized by two line impulses in the 
(x, w) plane. The intersection point and the slopes of these lines completeh^ 
define its position.
It is important to note that we have used the WD of 1 — Iz{x)i in the 
formulation above, rather than that of /^(x). This is due to the fact that 
the WD of Iz{x) involves extra undesired terms caused by the auto-WD of 1 
and the cross-WD of 1 and a{x) * g(x). These extra terms may disturb the 
convenient space-frequency pcittern carrying particle coordinate information.
What happens when the object distribution involves more than one 
particles? This question will be considered in the following section.
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3.2 Cross Terms in the Case of Multicomponent 
Signals
The WD is a convenient tool for the analysis of monocomponent signals. 
These are signals which are characterized at each time point only one 
time-frequency law in the time-frequency plane (see [14] and [15] for a detailed 
description). The above definition can also be used for signals depending on 
space variables. However, a great number of signals present a multicomponent 
structure, i.e. they can be written as the sum of monocomponent ones. In 
the case of such signals, the bilinear structure of the WD causes undesired 
interfering cross terms. Many different combinations of auto-terms and cross 
terms may occur and cross terms may obscure the auto-terms.
If the object distribution under investigation contains more than one 
particles, the object function and the corresponding hologram become 
multicomponent .signals. Let’s consider a one-dimensional object distribution, 
represented by the function a(.r), involving two particles located at and 
X2 in the object plane, respectively. a(x) can be approximated by.
a(x) =  6(x — Ti) + 6(x — X2 ).
The analog WD of a(x) is found to be,
Wa(x, w) =  26(x — xi) -f 26(x — X2 ) +  4cos [w(x2 — Xi)] i  (.г· —
(3.9)
Xi + X2
(3.10)
The third term is the interfering cross term due to the cross-A¥D of 6(x — .г’1) 
and 6{x — X2 ). The WD of the corresponding DC shifted hologram signal J(x) 
is given by equation (3.7). By substituting equation (3.10) into equation (3.7), 
Wj{Xiw) can be found as
Wj{x, w) — 2 Wg{x — x i , w) +  2 Wg{x — X2 , w) 
+ 4 cos[w(a:2 -  .Ti )| Wg (x  — (3.11)
where g(x) is defined by equation (3.2) and Wg{x, w) is given by equation 
(3.3). The first term is concentrated along the lines w — |^ (,x — .xq)
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and w — —j^(x — Xi), in the space-frequency plane, and it corresponds 
to the particle located at xi in the object plane. Similarly, the second 
term representing the particle located at X2 , is concentrated along the lines 
w =  — X2 ) and lu =  — ^ ( x  — X2 )· The cross term involves two oscillating
line impulses, along the lines 10 =  x^ — and lo = —
as if the object distribution contains another particle at . It can be
distinguished from the auto-terms by its oscillating structure due to the term 
cos[ro(a;2 — ■'i-q)]. The oscillation frequency is .xq — Xi which is the distance 
between two particles.
We can generalize the above argument, 
distribution a(x) involves particles:
Suppose that, the object
<^ (^ ) =  X ! S(x -  Xi). 
1=1
(3.12)
The WD of a(x) is:
n
Wa(x,iu) =  2 ^ 5 { x - X i )
i=l
- t -4 ^  ^  cos [ty(x, -  .Xj·)] (5(.x-
¿=1 j=i+l
X{ “1“ Xj (3.13)
Hence, the Wigner distributions of the object function and the DC shifted 
hologram are composed of the distributions of each component corresponding 
to a particle (auto-terms) and the interactions of each pair of different 
components (cross terms). The auto-terms represent the particles encoded 
in the hologram. For each pair of different comi:)onents corresponding to two 
different particles, a cross term appears in the midpoint of chord ])etween 
the locations of these components. Existence of these cross terms can not l)e 
avoided, since it is due to the bilinear structure of the WD.
Chapter 4
The Method for the Case of 
One-Dimensional Holograms
The continuous domain analysis given in the previous chapter motivates 
the method proposed in this thesis, which is developed for the purpose 
of extracting particle coordinate information from in-line holograms. In 
this chapter, we will describe the method for the case of one-dimensional 
holograms. In fact, it can be considered as the discrete implementation of 
the continuous domain formulation given in Chapter 3.
4.1 Description of the Method
The results of the formulation presented in the hist chapter can lie 
summarized as follows. A one-dimensional continuous hologram signal is 
subtracted from unity and the analog WD of the resulting signal is computed. 
A two-dimensional signal depending on space and spatial frequency variables 
is obtained by this way. When it is displayed in the space-frequency plane, it is 
seen to exhibit the coordinate information about the particles encoded in the 
hologram. This technique requires the analog WD of the DC shifted hologram 
to be computed. The easiest way to do thii task is computing the discrete- 
time Wigner distribution (DTWD) of discretized holograms by using digital
26
signal processing methods. The arguments developed in the last cha.pter 
should be adapted to the discrete case, although they are originally proposed 
for the continuous case. The computations implied by these arguments 
will be directly performed for discrete signcils by using discrete models and 
techniques, in this chapter. A discrete simulation technique will be used to 
generate one-dimensional in-line holograms and related DTWD calrtila.tions 
will be performed by means of digital signal processing.
By adapting the result of the formulation presented in Chapter 3 to 
the case of discrete holograms, we obtain the desired method to find the 
coordinates of particles encoded in those holograms. The method can be 
described as follows. A one-dimensional discrete hologram signal I:D{n) is 
subtracted from unity and the DTWD of the resulting finite length sequence 
is computed to obtain a two-dimensional finite size sequence that can be 
displayed as an image carrying coordinate information about the object 
distribution. The DC level of the hologram Izoin) is approximately unity, 
therefore subtracting this signal from unity is equivalent to setting its DC 
level to zero.
The discrete hologram Izoin) corresponding to a discrete object function 
aD{n) is generated according to the model given in Figure 2.4. Completely 
opaque regions of the object distribution under investigation are represented 
by 1 and completely transparent regions are represented by 0, in the object 
function ao(n). Therefore, ar>(n) consists of rectangular pulses each of which 
represents a totally opaque particle on transparent background. Both of the 
discrete signals Izoin) and ai)(n) are finite duration sequences of length N, 
confined to the interval [0, — Ij.
In Section 3.1, we have expressed that the WD of 1 — T(.r) should be used, 
rather than the WD of the hologram /.(.t). Hence, for the discrete case, we 
consider the DTWD of the discrete signal J{n) which is defined by
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/(n )  = 1 — Izoi'fT') 0 < n < N — 10 else (4.1)
instead of the DTWD of The DTWD of J(n), which is a two-
dimensional real sequence, can be displayed as an image in an image 
processing system. This image exhibits the coordinates of the objects encoded 
in the hologram
Computation of the DTWD of finite duration signals, which is an 
imiwrtant part of this thesis, will be described in detail, in the following 
section.
4.2 Computation of the Discrete-Time Wigner Distri­
bution
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Let’s consider a discrete hologram corresponding to an oljject
distribution described by the object function a£>(?7.). The DC shifted 
hologram J(n) is defined by the equation (4.1), hence it is also a finite 
duration sequence, like and aD{n), confined to the interval [0, — 1].
The DTWD of J{n) displays the coordinate information about the objects 
encoded in the hologram therefore, it should be computed in an
efficient way. For finite duration sequences, the DTWD defined by equation 
(2.37) can be rewritten in terms of a discrete Fourier transform for which 
FFT algorithms are available. Therefore; if the signal length N  is taken as 
a power of 2, the frequency samples of Wj{n, 0) can be determined by using 
efficient FFT algorithms.
Since J{n) = 0 for 77 < 0 or n > N — 1, it follows from equation (2.43)
thcit
Wj(n, d) =  0 for 77 < 0 or 77 > — 1. (4.2)
The DTWD is a function which is periodic with respect to the frequency 
variable d with period tt. Therefore, it suffices to determine Wj{n,d) for the 
intervals 77 € [0, A/ — 1] and 9 € (—tt/2, 7t/ 2]. Let’s con.sider the frequency
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samples of Wj(n,0)  taken at equidistant points in the interval ( — 71/2,71/2]:
Wj (^ n,  ^ ^  -  k), (4.3)
where m is an integer variable satisfying —N/2 + 1 < m < N/2. We have 
written J(n — k) in place of J*(ri — k) in the above equation, since J/ir) is a 
real signal.
The term J(n +  k)J(n — k) can be considered as a sequence of k for fixed 
n. Furthermore, it can be shown to be a finite duration sequence which is 
nonzero for —N/2 +  1 < < N/2 — 1. Thus, equation (4.3) becomes
N/2-1 2
Wj (n, ~ m ]  =  2 Vn( ) e > c p '7^·
 ^ '  k= -N /2 + l  ^
where yn{^) defined by
— J “f" L·^  J(^ ii>
for fixed n. Equation (4.4) can be rewritten as,
/  \ N/2-1 ^
W j ( n , ^ m j  =  2 X] ]]n{k)e-x.\^y-j-^km
N - l
(4.4)
(4.5)
+  2 Y/ xjn{k -  N) exp i - j ^ k m
k=N/2+l  ^ ■ '
Defining a new sequence Zn(k) by
i 2yn(k) 0 < k < N / 2 - l
Zn{k) =  I 0 k =  N/2
[ 2yn{k - N )  N/2 +  l < k < N  - 1
equation (4.6) becomes
(4.6)
(4.7)
^  E  Z n ( k ) e x p ( - j ^ k m )  , (4.8)
where rn € { —iV/2 +  1, . . . ,  —1,0,1, . . . ,  iV/2}. Let Wim) be the N-point 
DFT of the sequence „^(A:);
yv-l
W{m) = Zn(k)expl^-j'^km) , m e { 0 . 1 , . . A' -  1). (4,9)
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It is easy to show that;
/  7T \ i W{m)  0 < m < N/2
W j { n , —m]  =  < . (4.10)
\ N J \ W( m  +  N) -N/2 +  1 < m < - 1
This means that the evaluation of the DTWD of a finite length sequence is
ecjuivalent to determining one DFT for each value of n, which can be clone
efficiently using FFT algorithms. Wj (n., is a two-dimensional, finite
size, real secjuence dei^ending on the discrete variables n and m. It can be
displayed as an x AT image in an image processing system.
4.3 Results
In this section, the method described in Section 4.1 will be illustrated by 
pictures showing imiDlementation results. The images shown are obtained by 
using an Imaging Technology Inc. Series 151 image i^rocessing sj'’stem and 
each one has 512 x 512 pixels and 256 gray levels. A discrete hologram 
signal of length 512 is generated corresponding to a discrete object function 
of interest. This signal is subtracted from unity and the DTWD of the 
resulting sequence is computed, by executing the computer program given 
in Appendix. The result of the computation is converted to a 256 gray level 
image and displayed in the image processing system. In the resulting picture, 
the horizontal direction indicated by a horizontal white line is the space 
direction and the vertical direction is the frequency direction.
An object distribution involving a single particle is used for the image 
shown in Figure 4.1. The corre.sponding object function, of size 512, consists 
of a rectangular pulse with a duration of 5 samples, centered at the 128th 
sample. In the picture, the particle is represented by two bright lines forming 
an .T-shaped structure, with the intersection point located at the 128th pixel 
on T-axis. This means that the x coordinate of the intersection point is also 
the coordinate of the particle in the object plane.
The distance z between the particle and the hologram plane can l^ e 
determined from the slopes of these bright lines. Using equations (2.14) and
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(2.18) describing the discrete hologram kenicl h^ r>(n.), these slopes can 
found as and — or equivalently, and — respectively. N
is the signal length which is chosen to be 512 in this case, X  is the sampling 
period and a is the hologram coefficient. Therefore, from the slopes of lines 
we can calculate the distance z, if the wavelength A and the sampling period 
X  are known, and also the hologram coefficient a. n is taken to be 1 for the 
hologram used to obtain this image.
Two dim lines tippear on the picture, intersecting at the 384th pixel on 
the horizontal axis, due to the aliasing induced by the use of DTWD. These 
undesired lines can be eliminated by a low-pass filtering operation, as we will 
explain in the following section.
The picture given in Figure 4.2 illustrates the case in which the object 
distribution under investigation contains more thcin one particles. Three 
particles, located at 100th, 150th and 350th pixels, are represented by three 
pairs of lines in the picture. It is also seen that an oscillating cross term 
appears for each pair of diff’erent particles, in the midpoint of chord between 
their locations, as predicted by equation (3.13). The oscillation period is 
related to the distance between the particles.
Figure 4.3 displays an image representing two particles which are at 
different distances fi’om the hologram plane. Individual holograms of them are 
simulated, so that, the one corresponding to the particle on the left has a =  1 
and the other one has a =  \f2j2. Then, these holograms are superposed and 
the resulting hologram signal is used to obtain the displayed image. As seen in 
the picture, the absolute value of the slopes of lines representing the particle 
on the left is twice of the one corresponding to the other particle. Therefore, 
its distance to the hologram plane is half of the distance between this plane 
a.nd the pa.rticle on the right. This shows that our method can distinguish 
the objects having different distances to the hologram plane.
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4.4 Low-Pass Filtering
A discrete-time signal has a Fourier spectrum that is periodic with period 27t. 
On the other hand, the DTWD is found to be periodic with respect to the 
frequency variable with a period tt, and as discussed in Subsection 2.2.2 this 
causes aliasing to occur. However, from equations (2.44), (2.45) and (2.4C) it 
follows that if the signal is band-limited to 7t/2  or less the aliasing does not 
cause any problems (see [7] for a detailed discussion).
A discrete hologram signal Jjp(?î) and the associated DC shifted signal 
J(n) have a full frequency content in the interval (—7T,7r). Therefore; if the 
DTWD of the DC shifted signal J(n) is computed and displayed as an image 
to extract particle coordinate information from the hologram, it is seen that a 
pair of dim lines appears in the image for each particle, together with the pair 
of bright lines representing the particle, as if the extensions of these bright 
lines are folded to the image (see Figure 4.1). The occurrence of these terms is 
due to the aliasing effect, i.e. contributions in the range 7t/2 < |^| < tt in the 
DTWD of J(n) are folded to the range |^| < tt/2. If J{n) were band-limited 
to TV/2 or less, then no aliasing would occur.
The dim lines caused by the aliasing do not obscure the particle coordinate 
information exhibited by the image, but one may still wish to eliminate them. 
For this purpose, the DC shifted signal J(n) corresponding to the hologram 
-7rD(n), can be passed through a low-pass filter with cut-off frequency tv/2. 
Then, the DTWD of the resulting sequence is computed and displaj'^ed as an 
image carrying the necessary information.
To illustrate the above discussion, we consider the hologram which has 
been used to obtain the image given in Figure 4.1. By applying the low- 
pass filtering operation to this signal and then performing the related DTWD 
computations, we obtain the resulting image shown in Figure 4.4. It is clearly 
seen from this picture that undesired terms are totally eliminated, without a 
significant distortion in the components representing the particle.
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Figure 4.1. An image representing a single particle.
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Figure 4.2. Three particle case illustrating the cross terms induced by the 
bilinear structure of the WD.
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Figure 4.3. Two particles at different distances from the hologram plane.
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Figure 4.4. The effect of low-pass filtering. The hologram considered is the 
same with that of Figure 4.1.
Chapter 5
The Method for the Case of 
Two-Dimensional Holograms
The method developed in Chapter 3 and Chapter 4 handles one-dimensional 
discrete hologram signals; however, in order to analyze object distributions 
in three-dimensional space, two-dimensional holograms should be considered. 
In Section 5.1, our method will be adapted to the case of two-dimensional 
holograms to find the three-dimensional coordinates of i^articles encoded in 
those holograms. The results will be illustrated by the pictures given in 
Section 5.2. Section 5.3 deals with the calculation of the distance between 
an object and the hologram plane in which the hologram of this object is 
recorded.
5.1 Adaptation of the Method to the Case of Two- 
Dimensional Holograms
The method described in the previous chapters for one-dimensional 
holograms, is based on using Wigner distribution for displaying particle 
coordinate information. This fact readily implies the use of two-dimensional 
Wigner distribution for the case of two-dimensional holograms, where the
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two-dimensional WD of an analog signal f ( x ,y )  is defined by
/ 00 roo/ f{x  + a /2, IJ -H p/2 )f* (x  -  a /2, ij -  /3/2)
■ 00 J—OO
X exp [—y(or/i -f I3u)] dad/3.
However, it is impossible to display Wf(x,y,  by any means since it is 
a function of four variables. Therefore; we can not extract object related 
information from the two-dimensional WD of a hologram, though it carries 
this information. This task should be accomplished by using one-dimensional 
WD as in the case of one-dimensional holograms, that is, rows and columns 
of a two-dimensional discrete hologram should be considered as if thej'· are 
one-dimensional discrete hologram signals.
We use the following approach to handle two-dimensional holograms. The 
hologram under investigation is discretized and one of its rows or columns is 
selected. As expressed in Section 4.1, in order to extract particle coordinate 
information, a one-dimensional discrete hologram must be subtracted from 
unity before the related DTWD calculation is performed. This is equivalent 
to setting the DC level of that signal to 0, since the DC value of the hologram 
sequence is approximately 1. The selected row or column, considered as a 
one-dimensional sequence, is treated in the same way. The arithmetic mean 
of the elements forming that specific row (or column) is calculated amd the 
sequence is shifted by that amount. Then, the DTWD of the resulting signal 
is computed and displayed as a two-dimensional image. If this is done for 
a sufficient number of rows and columns of the hologram, a set of images 
is obtained which contains the total information about the coordinates of 
objects encoded in the hologram. The images obtained from the rows exhibit 
horizontal coordinates of the objects in the hologram plane, whereas the ones 
obtained from the columns exhibit vertical coordinates.
A low-pass filtering operation can be used with the technique described
above to prevent the occurence of aliasing in the images, as used in the case
1
of one-dimensional holograms. A row or a column of a discrete hologram 
can be passed through a low-pass filter with cut-off frequency 7t/ 2 before the 
related DTWD calculation is performed. The results given in Section 5.2 are
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obtained bj'· this way.
5.2 Results
The images displayed in this section illustrate the method described in the 
previous section. Each one has 256 X 256 pixels, cind each pixel has 256 graj'· 
levels. All of these images are obtained using an Imaging Technology Inc. 
Series 151 image processing system.
In Figure 5.1; the picture on the left is a two-dimensional object 
distribution involving three particles, where white (gray level 255) represents 
completely transparent areas and black (gray level 0) represents completely 
opaque areas. The picture on the right is the corresponding in-line hologram, 
obtained from the object distribution by means of a digital simulation 
technique implemented in the image processing system. The hologram 
coefficient a has been taken to be 1 in the simulation of this hologram. In 
these pictures, the sampling period in x coordinate is larger than the sampling 
period in y coordinate, therefore each particle is represented, in the hologram, 
by an elliptic shape, instead of a circular one.
A row of the disci'ete hologram displayed in Figure 5.1 is selected and the 
related DTWD calculation is performed. In Figure 5.2; the horizonta.1 white 
line, seen in the picture on the left, shows this row. The picture on the right 
exhibits the corresponding DTWD, where the horizontal white line represents 
the space axis for the discrete space varial l^e ?r. This image contains tw'o pairs 
of bright lines representing two particles. In the hologram, these particles 
are indicated by two elliptic shapes through which the selected row passes, 
z coordinates of the particles, namely the distances betw^ een the particles 
and the hologram plane, are determined from the slopes of these lines. An 
oscillating cross term appears in the midpoint of chord between the locations 
of these pairs, as predicted in Section 3.2.
Figure 5.3 considers the case in which a column of the hologram of Figure
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5.1 is selected. The selected column is indicated by the verti c<il whits lins 
displayed in the picture on the left. The picture on the right shows the related 
DTWD which represents the upper particle. The horizontal coordinate of the 
intersection point of bright lines gives the vertical coordinate of the particle 
in the object plane.
Figure 5.4 displays a hologram of a three-dimensional object distribution. 
The object distribution contains three particles and for each of them cui 
individual hologram is simulated using a different a value, (a is the hologram 
coefficient defined by equation (2.17).) The hologram of the upper particle 
has a = 0.8. For the other two particles; the hologram corresponding to the 
particle on the left has a =  1 and the other one has a =  0.7. The displayed 
hologram is obtained by superposing these individual ones. Since a is related 
with the coordinate of the particle of interest (z denotes the distance 
between the particle and the hologram plane), multiexposure hologram of 
Figure 5.4 can be considered as a hologram of three particles that are at 
different distances to the hologram plane.
Figures 5.5 and 5.6 show the application of the method proposed in this 
thesis to a row ajid a column of the hologram of Figure 5.4. In these figures; 
pictures on the left display the selected row and the selected column, and 
pictures on the right display the related DTWD functions. As seen in these 
pictures, slopes of the lines that represent the particles under investigatioir 
are inversely proportional with the distances between those particles and the 
hologram plane.
5.3 Calculât ion
In this section; we deal with z-calculation, namely, the calculation of the 
distance between an object and the plane» in which the hologram of that 
object is recorded. This distance can be considered as the z coordinate of the 
object, if the hologram plane is taken as the reference plane {z =  0 plane). 
Our method determines the distance z directly from the hologram, while the
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previous works use automated focusing techniques or algorithmic procedures 
to find it. Therefore, it is well worth illustrating ^-calculation with examples.
Figure 5.7 shows a digitized optical hologram of a sample of water droplets 
(see [16]). We will calculate the 2; coordinate of the particle represented, 
in the hologram, by the dark circular shape through which the selected 
row passes. The DTWD function computed from this row is displayed in 
Figure 5.8. It involves an r-shaped structure corresponding to the particle 
under investigation. The slopes of the lines forming this .r-shaped structure 
can be directly measured from the i i^cture as, 1.25 and —1.25, respectively. 
Each pixel of the picture has a rectangular shape, with a length to width 
ratio of 17/11. In the horizontal direction, the distance between two pixels 
corresponds to the unit length in space, since this direction is the space 
direction in which the discrete space variable n takes on integer values. In 
the vertical direction; the distance between two pixels corresponds to 
where N  is the signal length which is taken as 512 in this case. Therefore; 
actual slopes can be calculated from the measured ones by multiplying them 
with the factor (17/ll)(Tr/512). The positive slope is found to be 0.0117, by 
this way.
The discrete hologram kernel h^ niiT·) is given by equation (2.14), hence, 
its DTWD is found to be concentrated around the lines d =  — kir and
0 =  — kiT in the space-frequency plane, where k is any integer and n
is the discrete space variable. Therefore; the DTWD of a DC shifted hologram 
sequence is expected to be concentrated around several lines with slopes 
and — '^X' ,^ in the (n,0) plane. These lines repre,sent objects encoded 
in the hologram, as stated in the previous chapters. In our example; the 
positive slope corresponding to the lines representing the particle of interest 
has been found to be 0.0117, in the last paragraph. By equating this value 
to the z coordinate of the particle can be calculated. The wavelength
A of the illuminating beam used to record the hologram is O.Gfim and the 
sampling period X  is approximately 1.5^?n in the horizontal direction. Then; 
the distance z between the particle and the hologram plane, namely, the z 
coordinate of the particle is found as 0.198c?7r.
CnAPTir.R 5 . 'ΠΙΕ MBTHOO FOR 'ΠΙΕ CASE OF TWO-OlMBNyiONAL HOLOGRAMS
As a second example, we will consider the hologram of Figure 5.9 (see 
[17]). The DTWD function computed from the selected row of this hologram 
is displayed in Figure 5.10. We will calculate the z coordinate of the particle 
represented, in the hologram, by a series of concentric circles through which 
the selected row passes. The slopes of the lines representing this particle 
in the space-frequency plane are directly determined from the picture as, 
0.9 and —0.9, respectively. By multiplying these values with the factor 
(17/ll)(Tr/512), the actual slopes are found to be 0.0085 and —0.0085, 
respectively. The wavelength A is 0.6/Li?n again and the sampling period X  is 
1.133yum in the horizontal direction. By equating the term to 0.0085
and substituting the values given above into this equation, the distance 2^ is 
found to be 0.16cm.
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Figure 5.1. A two-dimensional object distribution and the simulated 
hologram of this distribution (cv =  1).
Figure 5.2. A row of the discrete hologram given in Figure 5.1 (left) and the 
corresponding DTWD (right).
Figure 5.3. A column of the hologram of Figure 5.1 (left) and the related 
DTWD (right).
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Figure 5.4. A hologram corresponding to three particles which are at different 
distances to the hologram plane.
Figure 5.5. A row of the hologram of Figure 5.4 (left) and the corresponding 
DTWD (right).
Figure 5.6. A column of the hologram of f'igure 5.4 (left) and the 
corresponding DTWD (right).
CHAPTER O . THE METHOD FOR THE CASE OF TWO-DIMENSIONAL HOLOGRAMS
Figure 5.7. A hologram of a sample of water droplets [16]. A row of this 
hologram is indicated by the horizontal white line.
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Figure 5.8. The DTWD function computed from the selected row of the 
hologram displayed in Figure 5.7.
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Figure 5.9. An aerosol hologram [17] and the selected row of this hologram 
indicated by the horizontal line.
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Figure 5.10. The DTWD function computed from the selected row of the 
hologram of Figure 5.10.
Chapter 6
Conclusion
In this study, we have proposed a method for extracting particle coordinate 
information from in-line holograms. The method is leased on coiiiputing the 
WD of a DC shifted one-dimensional hologram and displaying the resialt in the 
space-frequency plane as a two-dimensional image. We have shown that the 
resulting space-frequency pattern exhibits the coordinate information about 
the objects encoded in the hologram. Our work has been motivated by a crude 
formulation constructed for the case of analog signals. This formulation has 
been adapted to the case of discrete hologram signals. Discrete models and 
techniques have been used to implement the method presented in this thesis. 
Simulation examples have been performed in an image processing system, by 
using computationally efficient FFT techniques.
The previous methods [1], [2], [16], [17], developed for extracting 
object related information from in-line holograms, perform optical or digital 
reconstruction in order to recover the overall object distribution from 
the corresponding hologram; whereas, our method considers the detection 
of the coordinates of objects forming the object distribution, without 
reconstruction. Our method can determine the distance 2; between an object 
and the plane in which the hologram of that object is recorded, directly from 
the hologram, while the others require this distance to be known in order to 
recover this object from its hologram. Our method involves a.pplying the WD 
to the digitized hologram, while the others have to use automated focusing
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techniques or algorithmic procedures in order to achieve good focusing of the 
object encoded in this hologram. Performing DTWD Ccilculations using 
computationally efficient FFT algorithms is easier than these tedious tasks. 
Therefore, ^r-calculation is the most significant feature of our study. Once 
the distance z between a particle and the hologram plane is determined l)y 
the method of this thesis, the previousl}'· developed methods can be used to 
recover this particle from its hologram.
CHAPTER 6. CONCLUSION r,r.
There are two drawbacks for the method developed in this study. The 
first one is the existence of cross terms in the Ccvse of object distributions 
involving more than one particles. These cross terms can be distinguished 
from the auto-terms, but many different combinations of auto-terms and cross 
terms may occur and the cross terms maj'· obscure the auto-terms. Existence 
of these undesired comi^onents can not be avoided, since it is due to the 
bilinear structure of the WD. Other joint representations may be used, in 
place of the WD, to suppress cross terms; but such a representation ma,y not 
be as convenient as the WD for the purpose of extracting particle coordinate 
information. The second drawback is that; in the case of two-dimensional 
holograms, if the object distribution under investigation contains too many 
particles, it becomes necessary to repeat the same calculations for a large 
number of rows and columns of the corresponding discretized hologram in 
order to recover the total information about the coordinates of particles 
encoded in this hologram. This is due to the fact that we have to u.sc the 
one-dimensional WD to analyze a two-dimensional hologram, since we can 
not use the two-dimensional WD for this purpose. The two-dimensional WD 
is a function of four variables, hence it can not be displayed by any means.
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Appendix A
Computer Program for Discrete-Time 
Wigner Distribution Computation
/♦This function computes the DTWD of a 1-D real array.*/ 
double hoi [512] ; /*input sequence*/
double tempi [512],xrl[512],xr2[512] ;/*temporary storage*/ 
double max[512],min[512].maximum,minimum,temp ;/temporary 
storage*/
WORD t e m p i n t [512],tempfrac[512] ;/*temporary storage*/ 
double wig [512] ;/*output sequence*/
BYTE lin[512] ;/*scaled and quantized output sequence*/ 
int length ;/*length of the sequences*/
void dwd() ;/*computes and displays the DTWD of hol[n]*/
/♦start of function dwd*/ 
void dwd()
{
FILE *fl ; 
int k,n ;
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fl= f opGn("v7igner" , "w+b") ;
for (n=0; n<length; ++n) {
for (k=0; k<length/2; ++k) {
if (n-k < 0  II n+k >= length) 
tempi[k] = 0 ; 
else
tempi[k] = hoi[n+k]*hol[n-k] ;
}
tempi[length/2]=0 ; 
for (k=length/2+l; k<length; ++k) 
tempi [k]=templ[length-k] ;
AH 'ENDIX A :  COMFUTBH FHOi..iliA,rv! LUSCRE/i'EAnME WIGNER.DISTRIBUTION COMFU'I
for (k=0; k<length; ++k) tempi[k]=templ[k]+1 ; 
for (k=0; k<length; ++k)
tempint[k]=templ[k] ;
for (k=0; k<length; ++k)
tempfrac[k]= 65535*(tempi[k]-tempint[k]) ; 
fft(O F F , O F F ,length,tempint,xrl,wig) ; 
f f t ( O F F ,O F F ,l e n g t h ,temp f r a c ,x r 2 ,wig) ; 
x r l [ O ] = x r l [0]-length ; 
for (k=0; k<length/2+l; ++k)
wig[k]= 2 * (xrl[length/2-k] + 
x r 2 [length/2-k]/65535) ;
for (k=length/2+l; k<length; ++k)
wig[k] = 2 * (xrl[3*length/2-k] + 
xr2[3*length/2-k]/65535) ;
max[n]=wig [0] ;
min[n]=wig [0] ;
for (k=l; k<length; ++k) {
if (max[n] < wig[k]) max[n]=wig[k] ; 
if (min[n] > wig[k]) min [n] =wig [k] ;
II
}
for (k=0; k<length; ++k) fwrite(&wig[k],8,1,f1) ;
>
fclose(fl) ; 
inaxinmm=max [0] ; 
minimum=rain[0] ; 
for (k=l; k<length; ++k) { 
if (max[k] > maximum) 
maximum=max[k] ;
if (min[k] < minimum) 
minimum=min[k] ;
}
fl= fopen("wigner","r+b") ;
for (n=0; n<length; ++n) {
for (k=0; k<length; ++k) { 
fread(&temp,8,1,f1) ;
lin[k]= 255.001/(maximum-minimum)* (temp-minimum)
}
fb_wvline(Bl,n,0,length,lin) ;
fb_chline(Bl,0,length/2+1,length,255) ;
fclose(fl) ;
}
/♦end of function dwd*/
